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Abstract
We prove the integrability of geodesic flows on the Riemannian g.o. spaces of compact Lie groups,
as well as on a related class of Riemannian homogeneous spaces having an additional principal
bundle structure.1
1 Introduction
1.1. Let (Q, ds2) be a Riemannian manifold. A geodesic in Q is called homogeneous if it is
the orbit of an one-parameter group of isometries of Q. A Riemannian homogeneous space
(Q = G/H, ds2) is a g.o. (geodesic orbit) space with respect to G if every geodesic is the
orbit of an one-parameter subgroup of G. Every naturally reductive space, in particular a
homogeneous space G/H with a normal metric ds20, is a g.o. space. The converse is not
true and the first counter example was found by Kaplan [19], which motivated the study of
g.o. spaces, e.g., see [20, 15, 6, 21, 13, 34, 1, 2].
In Lagrangian and Hamiltonian mechanics homogeneous geodesics are related to the
notion of relative equilibria, e.g, see [22, 36] and references therein. Following the line of
Hamiltonian mechanics, in this paper we study geodesic flows on g.o. spaces (Q = G/H, ds2)
of compact Lie groups G. Since the geodesics are orbits, it is naturally to expect that the
corresponding geodesic flows, as in the case of normal metrics [8, 9, 17], are completely
integrable. Indeed, we prove their integrability in a noncommutative sense [29, 24, 23].
1.2. Let (FG, {·, ·}) be the algebra of G-invariant analytic, polynomial in momenta func-
tions on T ∗(G/H), where T ∗Q is endowed with the canonical Poisson bracket. The Hamil-
tonian of a normal metric ds20 is a central function within the algebra (FG, {·, ·}). The main
observation is that this property can be used for a characterization of g.o. metrics on G/H :
the Hamiltonian of a G-invariant metric ds2 is a central function in FG if and only if ds
2 is
a g.o. metric (Lemma 2, Section 2).
Now, the integrability of geodesic flows on g.o. spaces follows from a general geometric
construction given in [8, 9]. Let Φ : T ∗Q → g∗ be the momentum mapping of the natural
G-action. According to the Noether theorem, the momentum mapping Φ is conserved along
the flows of G-invariant Hamiltonians: {FG,Φ
∗(R[g])} = 0. Moreover, the collection of
functions
F = FG +Φ
∗(R[g∗]) (1)
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is a complete set of functions on T ∗Q:
ddim F + dind F = dim T ∗Q. (2)
Here, for a set of functions F closed under the Poisson bracket, such that the dimensions
of Fx = 〈df(x) | f ∈ F〉 and ker{·, ·}|Fx×Fx are constant on an open dense set U ⊂ M , we
denote ddim F = dimFx and dind F = dimker{·, ·}|Fx×Fx , x ∈ U (differential dimension
and differential index of F) [9, 17].
Since central functions in FG Poisson commute both with FG and Φ
∗(R[g∗]), we get:
Theorem 1: The geodesic flow of a g.o. space (Q = G/H, ds2) is completely integrable with
a complete noncommutative set of integrals (1).
1.3. Mishchenko and Fomenko stated the conjecture that noncommutative integrability
implies the usual Liouville one by means of integrals that belong to the same functional class
as noncommutative integrals [24, 31, 9]. One can always construct a complete commutative
subset within Φ∗(g∗). Thus, for a complete set (1), the conjecture reduces to a construction
of a complete commutative subset B ⊂ FG (see [9, 10])
ddim B = dind B =
1
2
(ddim FG + dind FG) . (3)
If the required subset B ⊂ FG exist, we say that (G,H) is an integrable pair. There are
several known classes of integrable pairs (see [35, 25, 27, 8, 10, 26, 12, 18]) but the general
problem rest still unsolved.
We recall the known examples of g.o. spaces G/H with non-normal metrics of compact
Lie groups (Section 2). In most of them, the underlying metrics are deformations ds2λ of a
normal metric in the fiber direction of the bundle
K/H −→ Q = G/H −→M = G/K, (4)
where K is a subgroup of G, H ⊂ K ⊂ G.
Tamaru classified triples (G,K,H) where (G,K) is a compact effective irreducible sym-
metric pair and (G/H, ds2λ) is a g.o. space [34]. It turns out that these homogeneous spaces
have the complexity equal 0 or 1 (see the classification of complexity 0 and 1 homogeneous
spaces of the reductive Lie groups [25, 38, 30, 27, 4]). This implies, by the result of Myky-
tyuk and Stepin [27], that the appropriate geodesic flows are Liouville integrable by means
of analytic functions, polynomial in momenta (Theorem 4). For a reader’s sake, by ana-
lyzing the algebra of G-invariant functions FG a direct derivation of the complexity and
commuting integrals for various g.o. spaces is given (Theorem 4, Examples 4 – 7, Section
4).
As a bi-product, in Section 3 we obtain a class of Riemannian homogeneous spaces,
defined by fibration (4), with completely integrable geodesic flows (Theorem 3, Examples 1
– 3). In particular, we have (see Example 1):
Theorem 2: The homogeneous spaces fibered over irreducible symmetric spaces with invari-
ant Einstein metrics classified by Jensen [16] have completely integrable geodesic flows.
2 Homogeneous g.o. spaces
2.1. Homogeneous Riemannian spaces. A Riemannian manifold (Q, ds2) is homogeneous
if it admits a transitive connected Lie group of isometries. Then Q can be seen as a coset
space G/H with a G-invariant metric, where H is the isotropy group at some point o ∈ Q.
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Since H is compact, there exist an AdH -invariant subspace v ⊂ g ([h, v] ⊂ v) such that
g = h⊕ v (a reductive decomposition of g). Here g and h are Lie algebras of G and H and
AdH is the restriction of the adjoint representation AdG to H .
We can identify v with ToQ by taking the value of the corresponding Killing vector field
at o. In this way, the isotropy representation of H at ToQ is identified with the restriction of
the adjoint representation of H to v. The restriction of a G-invariant metrics ds2 to ToQ ∼= v
defines AdH -invariant scalar product (·, ·) on v. Conversely, for each AdH -invariant scalar
product (·, ·) on v, there exist an unique G-invariant Riemannian metric ds2 on Q = G/H
such that its restriction to ToQ ∼= v is given by (·, ·) (e.g., see [7]).
A G-invariant metric ds20 is called normal if (·, ·) is the restriction of an AdG-invariant
non-degenerate symmetric bilinear form q on g. If G is semi-simple and q = −B (B is the
Killing form), the metric ds20 is called standard.
A metric ds2 is naturally reductive if
([X,Y ]v, Z) + (Y, [X,Z]v) = 0, X, Y, Z ∈ v. (5)
Clearly, a normal metric is naturally reductive. A notion of natural reductivity depends
on the choice of the group G and the choice of v. A result of Konstant (e.g., see [7], page
196) stated that (Q = G/H, ds2) is naturally reductive if and only if there exist a subgroup
G˜ ⊂ G with the Lie algebra g˜ = v+[v, v], such that ds2 is a normal metric on Q = G˜/(G˜∩H).
2.2. Riemannian g.o. spaces The condition (5) is equivalent to the following geometrical
property: the curve γ(t) = exp(tX) · o is a geodesic for all X ∈ v. Thus, for a naturally
reductive homogeneous space every geodesic is homogeneous. By generalizing the property
above, Kowalski and Vanhecke [20] introduced a notion of g.o. spaces. A Riemannian
homogeneous space (Q = G/H, ds2) is a g.o. space, if every geodesic is an orbit of an
one-parameter subgroup exp(tX), X ∈ g.
The following algebraic condition on an orbit to be a geodesic is well known [20]:
Lemma 1 (Geodesic lemma): Let X ∈ v, F ∈ h. The orbit γ(t) = exp(t(X + F )) · o through
the point o = [H ] ∈ G/H is a geodesic of (Q = G/H, ds2) if and only if
([X + F, Y ]v, X) = 0, for all Y ∈ v. (6)
Therefore, a Riemannian homogeneous space (Q = G/H, ds2) is a g.o. space if and only
if for any vector X ∈ v there exist F = F (X) ∈ h that satisfies (6).
Examples of such spaces are symmetric spaces, weakly symmetric spaces (for any two
points p, q ∈ Q, there exist an isometry which interchanges p and q [32, 5, 6, 37, 38, 40])
and naturally reductive spaces.
2.3. G-invariant functions and a characterization of g.o. metrics. From now on G is a
compact connected Lie group G. We fix an AdG-invariant scalar product 〈·, ·〉 on g. Then
g = h ⊕ v, v = h⊥ is a reductive decomposition of g. An AdH -invariant scalar product on
v ∼= ToQ can be represented as
( · , · ) = 〈I( · ), · 〉,
where I : v → v is a positive definite, AdH -invariant operator. For a given operator I, we
denote the associated G-invariant metric by ds2I . In particular, for I equals to the identity,
we have a normal metric ds20.
By using ds20 we identify tangent and cotangent bundles TQ
∼= T ∗Q. Within this iden-
tification, the G-invariant functions are in one-to-one correspondence with AdH -invariant
polynomials R[v]H on v. The Hamiltonian of the metric ds2I is given by hA(x) =
1
2 〈Ax, x〉
where A = I−1, while the Hamiltonian of the normal metric ds20 is simply h0(x) =
1
2 〈x, x〉.
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Further, the canonical Poisson bracket on T ∗Q corresponds to the restriction of the
Lie-Poisson bracket to R[v]H (see [35]):
{f, g}v(x) = −〈x, [∇f(x),∇g(x)]〉, f, g : v→ R. (7)
Let gx and hx be the isotropy algebras of x in g and h and let jx ⊂ v be the orthogonal
complement to the orbit AdH(x) ⊂ v: jx = {η ∈ v | 〈η, [x, h]〉 = 0}. For a generic point x ∈ v,
it is spanned by gradients of polynomials in R[v]H . The maximal number of functionally
independent polynomials is equal to
ddim FG = ddim R[v]
H = dim jx = dim v− dim h+ dim hx, (8)
for a generic x ∈ v.
An AdH -invariant polynomial f(x) is central (Casimir) within R[v]
H if it commutes with
all invariant polynomials, that is ∇f(x) ∈ kerΛx, where
Λx(η1, η2) = −〈x, [η1, η2]〉, η1, η2 ∈ jx.
The kernel of Λx is kerΛx = prv gx ⊂ jx. Thus, the maximal number of functionally
independent central polynomials is dind R[v]H = dim kerΛx = dim gx−dimhx, for a generic
x ∈ v [9, 10]. Moreover, since [gx, gx] ⊂ hx (see Mykytyuk [25]) we have also:
dind FG = dind R[v]
H = dim gx − dim hx = rank g− rank hx, (9)
for a generic x ∈ v.
Let f1, . . . , fr be a base of homogeneous AdG-invariant polynomials on g (r = rank g).
They are central functions with respect to the Lie-Poisson brackets on g, while their restric-
tions pi = fi|v to v are central functions in R[v]
H . Among p1, . . . , pr there are dind R[v]
H
functionally independent polynomials. In particular, a normal metric Hamiltonian h0(x) =
1
2 〈x, x〉 is a central function.
Lemma 2: A Riemannian homogeneous space (Q = G/H, ds2I) is a g.o. space if and only if
the Hamiltonian hA(x) =
1
2 〈Ax, x〉 is a central function in R[v]
H .
Proof. The Hamiltonian hA(x) =
1
2 〈Ax, x〉 is AdH -invariant implying
adh(x) · hA(x) = 0 ⇐⇒ [x,Ax]h = 0. (10)
According to Lemma 1, (Q = G/H, ds2I) is a g.o. space if and only if for every X ∈ v
there exist F (X) ∈ h satisfying
〈[X + F (X), Y ]v, IX〉 = 0, for all Y ∈ v. (11)
Denote x = IX , a = a(x) = F (Ax). Then we can rewrite (11) as
[a(x) +Ax, x]v = 0. (12)
Since [a, x] ∈ v, the relation (10) implies equivalence of (12) and
[a(x) +Ax, x] = 0 ⇐⇒ Ax = ∇hA(x) ∈ prv gx = kerΛx.
Therefore (Q = G/H, ds2I) is a g.o. space if and only if hA(x) is a central function in
R[v]H . ✷
Remark 1: The geodesic flows of a g.o. metric ds2I and of a normal metric ds
2
0 share the same
invariant isotropic toric foliation defined by integrals (1) (a generic torus has a dimension
dind F = dind FG = dind Φ
∗(R[g∗])). However, the tori can be resonant and the closures
of geodesic lines might be different. For example, while the geodesic lines of the standard
metric on a sphere are great circles, we see that generic geodesic lines on the distance spheres
S4n+3 = Sp(n+ 1)/Sp(n) and S2n+1 = SU(n+ 1)/SU(n), described in Examples 5 and 6,
filled up regions that are projections of two-dimensional invariant isotropic tori.
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2.4. Examples. Here we list some known examples of g.o. spaces with compact groups of
isometries and with non-normal metrics.
Aleksieevsky and Arvanitoyeorgos proved that among all flag manifolds Q = G/H of
simple Lie groups G only the manifolds
SO(2n+ 1)/U(n), Sp(n)/U(1)× Sp(n− 1) (13)
admit invariant metrics with homogeneous geodesics, not homothetic to the standard metric.
These manifolds have an one-parameter family of metrics ds2λ, λ > 0 with homogeneous
geodesics and are all weakly symmetric, see [40]. The metric ds21 is the standard one. It
has the full connected isometry group SO(2n + 2) (respectively SU(2n − 1)) and is the
standard metric of the symmetric space SO(2n + 2)/U(n + 1) (respectively the complex
projective space CP2n−1 = SU(2n − 1)/U(2n − 2)). All the other metrics have the full
connected isometry group SO(2n + 1) (respectively Sp(n)) and the corresponding spaces
are not naturally reductive. This two classes of examples exhaust all simply connected
compact irreducible Riemannian non-normal g.o. manifolds of positive Euler characteristic
(see Aleksieevsky and Nikonorov [2]).
For l = 2, Sp(2)/U(1) ·Sp(1) ∼= SO(5)/U(2) is the 6-dimensional not naturally reductive
g.o. space of Kowalski and Vanhecke, who classified all g.o. spaces in dimension ≤ 6 [20].
Dusˇek, Kowalski and Nikcˇevic´ constructed a family of invariant metrics ds2p,q on a 7-
dimensional homogeneous space Q = (SO(5) × SO(2))/U(2), such that (Q, ds2p,q) are g.o.
spaces which are not naturally reductive [13]. Besides, the group SO(5) acts as a transi-
tive group of isometries, but the homogeneous spaces (Q = SO(5)/SU(2), ds2p,q) are not
g.o. spaces. Note that (SO(5) × SO(2))/U(2) is also a weakly symmetric space (see the
classification of weakly symmetric spaces given by Yakimova [38]).
Finally, Tamaru classified the Riemannian, non-standard g.o. spaces, which are fibered
over the irreducible symmetric spaces [33, 34] (see Table 1 below). In particular, the flag
manifolds (13) belong to the considered class of homogeneous spaces. They are associated
to the triples (SO(2n+1), SO(2n), U(n)) and (Sp(n), Sp(1)×Sp(n− 1), U(1)×Sp(n− 1)),
respectively. Note that the spaces listed in Table 1 can be naturally reductive with respect
to a suitably larger symmetry group (e.g., see Kowalski and Nikcˇevic´ [21] for the space
SU(3)/SU(2) ∼= S5).
3 Geodesic flows on fiber bundles
3.1. Integrable pairs and complexity of homogeneous spaces. Recall that for a complete
set of integrals (1), the Mishchenko–Fomenko conjecture reduces to a construction of a
commutative subset B ⊂ FG that satisfies condition (3). If such a set exists, we call (G,H)
an integrable pair. If G/H is a weakly symmetric space, in particular if G/H is a symmetric
space, the algebra FG is already commutative [37]. In this case the pair (G,H) is obviously
integrable and we need only Noether’s integrals to integrate the geodesic flow (see [11, 25]).
Further examples can be found in [35, 27, 8, 10, 26, 12, 18].
There is a well known notion of homogeneous spaces complexity of complex reductive
Lie groups [30]. In the case of a homogeneous space G/H of a compact Lie group G, the
complexity of GC/HC corresponds to the number of independent polynomials, apart from
the central polynomials, which we need to form a complete commutative subset B ⊂ R[v]H
(see Mykytyuk [28]). We refer to
c(G,H) =
1
2
(ddim R[v]H − dind R[v]H),
as a complexity of the homogeneous space G/H or the pair (G,H).
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Symmetric and weakly symmetric spaces have the complexity c = 0 [37]. The pairs
(G,H) with the complexity c = 1 are also integrable: we can take an arbitrary non central
polynomial and the central polynomials to form a required commutative set B (see Mykytyuk
and Stepin [27]). The classification of the complexity 1 homogeneous spaces of reductive
algebraic groups is given by Arzhantsev and Chuvashova [4] (see also [30, 27]).
3.2. Triples of Lie groups. Suppose G is a connected compact semi-simple Lie group. Let
H ⊂ K ⊂ G be a chain of subgroups and h ⊂ k ⊂ g be the appropriate chain of subalgebras.
Let 〈·, ·〉 to be the negative of the Killing form on g. Taking the suitable orthogonal
complements, we obtain decompositions
g = h⊕ v = h⊕ l⊕m, k = h⊕ l. (14)
Following [33, 34], consider a deformation ds2λ of the standard metric on Q = G/H in the
direction of the fiber K/H of the bundle (4), defined as a scalar product on v = l⊕m ∼= ToQ:
(·, ·)λ = λ〈·, ·〉l×l + 〈·, ·〉m×m, λ > 0. (15)
The Hamiltonian of the metric ds2λ is a deformation of the Hamiltonian of the standard
metric ds20:
hλ(x) = h0(x) + (λ
−1 − 1)δ(x), h0(x) =
1
2
〈xm, xm〉+
1
2
〈xl, xl〉, δ(x) =
1
2
〈xl, xl〉,
where x = xl + xm, xl ∈ l, xm ∈ m.
A natural problem is whether the geodesic flow of ds2λ is integrable. The positive answer
for a class of spaces is given in [10]. Here we give the following simple criterium.
Theorem 3: Let (G,K,H) be a triple of connected Lie groups such that [l, h] = 0 and [l, l] ⊂ l.
Then
(i) the geodesic flow of the metric ds2λ is noncommutative integrable;
(ii) if l is commutative (l is a subset of the center of k) and (G,K) is an integrable pair
then (G,H) is also an integrable pair.
Proof. (i) Let L be the connected subgroup of K with the Lie algebra l. Then H and L
are normal subgroups of K. Locally, K is isomorphic to the product H × L. The right
translations on (Q = G/H, ds2λ) with elements of L are well defined isometries. Note that
the actions of G and L commute and that (4) is a L-principal bundle.
Let Ψ : T ∗Q → l∗ be the momentum mapping of the L-action lifted to the cotangent
bundle and let FG×L be the algebra of G × L-invariant analytic, polynomial in momenta
functions on T ∗Q. By the general construction [9], the collection of functions
FG×L +Ψ
∗(R[l∗]) + Φ∗(R[g∗]) (16)
is a complete set on T ∗Q. It remains to observe that these functions commute both with
h0(x) and δ(x).
(ii) Within the identification FG ∼= R[v]
H , the algebra Ψ∗(R[l∗]) corresponds to the
algebra L generated by linear functions on l, extended to v via decomposition (14).
Assume BM is a complete commutative set in R[m]
K . Let B = BM +L, where the poly-
nomials in BM are extended to v via decomposition (14). It is clear that B is a commutative
subset of R[v]H . Indeed, from [l, k] = 0 we get {L,L}v = 0 and {BM ,L}v = 0 follows from
AdK-invariancy of polynomials in BM . Furthermore, since
dim gx ≤ dim gxm , for a generic x ∈ v, xm ∈ m, (17)
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we get
ddim B = ddim BM + dim l =
1
2
(ddim R[m]K + dind R[m]K) + dim l
=
1
2
(dimm− dim k+ dim gxm) + dim l =
1
2
(dim v− dim h+ dim gxm)
≥
1
2
(ddim R[v]H + dind R[v]H).
On the other hand, for a commutative set B we always have the inequality ddim B ≤
1
2 (ddim R[v]
H + dind R[v]H). Therefore, (17) is an equality and B is a complete set. ✷
Example 1: The homogeneous spaces considered in Theorem 3 are studied from a point of
view of a construction of invariant Einstein metrics [16] (see also [7]). Jensen classified
Einstein metrics of the form ds2λ on homogeneous spaces Q = G/H fibered over irreducible
symmetric spaces M = G/K. When l is nonabelian, then there are two Einstein metrics,
neither of them equals to the standard one. When l is commutative, there is only one
Einstein metric, which equals to the standard one when dimL = 1 and dimM = 2 [16]. For
example, the triple (SO(n), SO(r) × SO(n − r), SO(n − r)) provides two Einstein metrics
on a Stiefel variety Vn,r = SO(n)/SO(n − r). The geometry and integrability of natural
mechanical systems on Stiefel varieties Vn,r endowed with metrics ds
2
λ and with quadratic
potentials is studied in [14].
Example 2: A metric ds2λ can be always additionally perturb by taking an arbitrary inte-
grable Euler equation on l ∼= l∗
x˙l = [xl, Axl], A : l→ l
with a complete set of integrals S. Namely, define hλ,A = hλ(x) +
1
2 〈xl, Axl〉. We can find
λ such that hλ,A is positive definite. It is a Hamiltonian of a suitable G-invariant metric
ds2λ,A. From the completeness of sets S on l and (16) on T
∗Q, we get that FG×L + S is a
complete subset of FG ∼= R[v]
H :
ddim (FG×L + S) + dind (FG×L + S) = ddim R[v]
H + dind R[v]H . (18)
Thus, the geodesic flow of ds2λ,A is completely integrable. Note that Einstein metrics on
Stiefel manifolds Vn,r obtained in [3] are of the form ds
2
λ,A [14].
Example 3: As an application of Theorem 3, item (ii), let us consider integrable pairs
(Sp(n), U(k1)× · · ·×U(kr)) (ki ≤ [(n+1)/2], see [10]). Then we get that (Sp(n), SU(k1)×
· · · × SU(kr)) are integrable pairs as well.
4 G.O. spaces fibered over symmetric spaces
4.1. Consider a triple of Lie groups (G,K,H). According to Lemma 2, (G/H, ds2λ) is a
g.o. space if and only if δ(x) is a central function in R[v]H , that is ∇δ(x) = xl ∈ prv gx. In
such a way we obtain the following condition (see Gordon [15]): (G/H, ds2λ) is a g.o. space
if and only if for every x ∈ v, there exist a = a(x) ∈ h, that satisfies
[a+ xl, xl + xk] = 0 ⇐⇒ [a, xl] = 0, [a+ xl, xm] = 0.
In particular, if (G/H, ds2λ) is a g.o. space for a single λ 6= 1, then it is a g.o. space for
all λ > 0. Triples (G,K,H) where (G,K) is a compact effective irreducible symmetric pair
and (G/H, ds2λ) is a g.o. space are classified by Tamaru [34].
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g k h
1 so(2n+ 1) so(2n) u(n) n ≥ 2
2 so(4n+ 1) so(4n) su(2n) n ≥ 1
3 so(8) so(7) g2
4 so(9) so(8) spin(7)
5 su(n+ 1) u(n) su(n) n ≥ 2
6 su(2n+ 1) u(2n) u(1)⊕ sp(n) n ≥ 2
7 su(2n+ 1) u(2n) sp(n) n ≥ 2
8 sp(n+ 1) sp(1)⊕ sp(n) u(1)⊕ sp(n) n ≥ 1
9 sp(n+ 1) sp(1)⊕ sp(n) sp(n) n ≥ 1
10 su(2r + n) su(r)⊕ su(r + n)⊕ R su(r) ⊕ su(r + n) r ≥ 2, n ≥ 1
11 so(4r + 2) u(2r + 1) su(2r + 1) r ≥ 2
12 e6 so(10)⊕ R so(10)
13 so(9) so(7)⊕ so(2) g2 ⊕ so(2)
14 so(10) so(8)⊕ so(2) spin(7)⊕ so(2)
15 so(11) so(8)⊕ so(3) spin(7)⊕ so(3)
Table 1. Tamaru’s classification [34]
Theorem 4: All pairs (G,H) associated to the triples of Lie algebras (g, k, h) listed in Table
1 are integrable. The geodesic flows on g.o. spaces (G/H, ds2λ) are Liouville integrable by
means of analytic integrals, polynomial in momenta.
Proof. Integrability of the pairs (G,H) in the cases 1, 2, 9, 5, 8 is described, respectively,
in Examples 4, 5, 6 and 7, while in the cases 10, 11, 12 it follows from Theorem 3, item
(ii) and from the fact that symmetric pairs are integrable. Further, we can simply use the
known classifications of complexity 0 and 1 homogeneous spaces given in [25, 38, 30, 27, 4] to
conclude that the others homogeneous spaces in Tamaru’s classification have the complexity
equal 0 or 1 as well. Thus, all pairs (G,H) associated to the triples of Lie algebras (g, k, h)
listed in Table 1 are integrable. ✷
Remark 2: Up to the covering, which preserves the integrability of geodesic flows, the g.o.
spaces of compact simple Lie groups obtained in [20, 1, 33] are also included in Table 1 (for
example, the weakly symmetric spaces Spin(8)/G2 and Spin(9)/Spin(7) [40, 33] correspond
to the cases 3 and 4). On the other hand, since (SO(5)×SO(2))/U(2) is a weakly symmetric
space [38], the g.o. spaces ((SO(5)× SO(2))/U(2), ds2p,q) constructed in [13] have Liouville
integrable geodesic flows as well.
4.2. Under the assumption of Theorem 3, item (ii), if dim l = 1 and the complexity of
G/K is equal to 0, we get that the complexity of the homogeneous space G/H is either
equal to 0 (a linear function on l is a central function of R[v]H) or 1 (a linear function on l
is not a central function), see also Remark 6 in [27].
For example, the flag manifolds (13), as weakly symmetric spaces have the complexity
c = 0. Starting from SO(2n+1)/U(n) and Sp(n)/U(1)×Sp(n−1) we obtain the complexity
one homogeneous spaces SO(2n+1)/SU(n) and Sp(n+1)/Sp(n). The spaces Sp(n)/U(1)×
Sp(n − 1) and Sp(n + 1)/Sp(n) will be treated in Examples 7 and 5 below. In the next
example we derive the complexity of homogeneous spaces SO(2n + 1)/U(n) and SO(2n+
1)/SU(n).
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Example 4: Consider a triple of Lie groups (SO(2n+1), U(n), SU(n)). The inclusion u(n) ⊂
so(2n+ 1) is the standard one, given by the mapping
P + iQ ∈ u(n) 7−→


P Q 0
−Q P 0
0 0 0

 ∈ so(2n+ 1).
Let us take xm = x1 + x2, where
x1 = α1(E1 ∧ E2 − E2m+1 ∧ E2m+2) + · · ·+ αm(E2m−1 ∧ E2m − E4m−1 ∧ E4m),
x2 = β1E1 ∧ E4m+1 + · · ·+ β4mE1 ∧ E4m+1, m = [n/2].
Straightforward computations yield u(n)x1
∼= su(2)m⊕u(1)n−2m, u(n)x2
∼= u(n−1) and
u(n)xm = u(n)x1 ∩ u(n)x2 = {0},
for a generic values of the parameters (α1, . . . , αm) and (β1, . . . , β4m). Thus, dim u(n)xm = 0,
for a generic x ∈ m.
Further, dimm−dimu(n) = dim so(2n+1)−2 dimu(n) = n = rank so(2n+1). Therefore,
ddim R[m]U(n) = dind R[m]U(n) = n (see (8) and (9)) and c(SO(2n + 1), U(n)) = 0. A
complete set of independent commuting AdU(n)-invariant polynomials is simply
p1 = tr(x
2), p2 = tr(x
4), . . . , pn = tr(x
2n).
Next, according to item (ii) of Theorem 3, a complete commutative set on v has dind R[m]U(n)+
1 = rank so(2n+ 1) + 1 independent functions. Thus, c(SO(2n+ 1), SU(n)) = 1.
Example 5: (G,K,H) = (Sp(n + 1), Sp(1) × Sp(n), Sp(n)), G/H = S4n+3. We have v =
l⊕m ∼= sp(1)⊕Hn. The AdSp(n)-action on the first factor is trivial, while on H
n = R4n is the
standard one: the orbit of e ∈ Hn is a sphere S4n−1 ∼= Sp(n)/Sp(n−1) (see [39]). Therefore,
the algebra R[v]Sp(n) is generated by the linear functions on sp(1) and a quadratic invariant
on Hn, while the center of R[v]Sp(n) is generated by quadratic invariants on sp(1) and Hn
(for example δ(x) and h0(x)). Thus
ddim R[v]Sp(n) = 4, dind R[v]Sp(n) = 2.
For a complete commutative set B we can take an arbitrary linear function f on sp(1),
together with δ(x) and h0(x). In particular we get the complexity c(Sp(n+ 1), Sp(n)) = 1.
The sphere (S4n+3 = Sp(n + 1)/Sp(n), ds2λ) has Sp(n + 1) × Sp(1) as a full group of
isometries (see the proof of Theorem 3, item (i)) and
S4n+3 = Sp(n+ 1)× Sp(1)/Sp(n)× Sp(1)
is a weakly symmetric space, a distance sphere in a quaternionic projective space HPn+1 =
Sp(n+2)/Sp(n+1)×Sp(1) (see [39, 5]). From the analysis above, we see that the commu-
tative algebra of Sp(n+ 1)× Sp(n)-invariant polynomials on T ∗S4n+3 is generated by δ(x)
and h0(x).
Example 6: (G,K,H) = (SU(n + 1), U(n), SU(n)), G/H = S2n+1. Now, v = l ⊕ m ∼=
R ⊕ Cn. The AdSU(n)-action on C
n = R2n is the usual action and it is trivial on R (see
[39]). Therefore, ddim R[v]SU(n) = dind R[v]SU(n) = 2, R[v]SU(n) is generated by h0(x)
and by a linear function on l ∼= R, and c(SU(n + 1), SU(n)) = 0. Note that (S2n+1 =
SU(n + 1)/SU(n), ds2λ) can be seen as a distance sphere in a complex projective space
CP
n+1 = SU(n+ 2)/S(U(n+ 1)× U(1)) (see [39, 5]).
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Example 7: (G,K,H) = (Sp(n + 1), Sp(1) × Sp(n), U(1) × Sp(n)), G/H = CP2n+1. Here
we have a natural inclusion U(1) ⊂ Sp(1), sp(1) = u(1) ⊕ C and l ∼= C, m ∼= Hn. U(1)
acts by a rotation on C and trivially on Hn and Sp(n) acts trivially on C and by its
standard representation on Hn. Thus ddim R[v]Sp(n+1) = dind R[v]Sp(n+1) = 2, R[v]Sp(n+1)
is generated by h0(x) and δ(x), and c(Sp(n+ 1), U(1)× Sp(n)) = 0.
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